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A V I S C O U S  E L E C T R O M A G N E T I C  

Examples  of media  where account has to be taken of in ternal  par t ic le  ro ta t ions ,  a s y m m e t r i c  fea tu res  
of the s t r e s s  t ensor ,  and the p re sence  of torque s t r e s s e s  (see [1, 2]), a re  d ie lec t r ic  liquids and a r t i f ica l ly  
synthes ized  f e r romagne t i c  and f e r r o e l e c t r i c  liquids [3]0 

F e r r o m a g n e t i c  liquids [3] are  homogeneous colloidal  suspens ions  of f e r romagne t i c  pa r t i c l e s  in a 
l ight liquid such as ke rosene .  The p a r t i c l e s  typical ly  have a size of 25-100 A, so that they are  "s ingle-  
domain"  uni formi ly  magnet ized format ions  [3]~ The concentra t ion of such pa r t i c l e s  may r e a c h  1028 cm -3 ~ 
Agglutination is  p r even tedby  Brownian movement  and the p re sence  of a d i spers ive  agent (e. go, oleic acid) 
in the liquid. The phys ica l  mechan i sm of macroscop ic  magnet izat ion of magnetic fluids by an ex te rna l  
f ield is e s sen t i a l ly  linked with the fact  that the pa r t i c l e s  have rota t ional  degrees  of f r eedom.  Under the 
action of a magnet ic  field, a spat ia l  e l ec t romagne t i c  force  and spat ia l  moment  appear  in the fluid and 
or ien t  the par t ic le  magnetic  dipoles along the field.  The orient ing action of the field is accompanied  by 
field ene rgy  diss ipat ion in work done by the spat ia l  magnetic moment  on the par t ic le  rotat ional  d i sp lace -  
ments  agains t  the fo rces  of viscous  r e s i s t ance  to these ro ta t ions .  During or iented  rotat ion of pa r t i c l e s  
located  in a phys ica l ly  inf in i tes imal  volume,  changes occur  in the magnet izat ion vec tor  per  unit volume.  
Changes in the magnet izat ion vec to r  can also be produced in such liquids,  e . g . , b y  interact ion of the par t ic le  
ro ta t ions  with hydrodynamic movement  of thei r  cen te r s  of iner t ia ,  t he rma l  movement ,  or  changes in the 
in ternal  s tate of t h e  pa r t i c les  t hemse lves  [3]. 

F r o m  what has jus t  been said,  compl ica ted  phys ico -mechan ica l  p r o c e s s e s  must  c l e a r l y  occur  when 
a magnet ic  liquid is subjected s imul taneous ly  to mechanica l ,  e l ec t romagne t i c ,  and the rma l  d is turbances ;  
these p r o c e s s e s  do in fact  provide the explanation for  the specia l  mac roscop ic  behavior  of such liquids [3]. 

Before the behav ior  of magnet ic  and f e r r o e l e c t r i c  liquids can be descr ibed  in mac roscop ic  t e r m s ,  it  
is e s sen t i a l  to find models  for  continuous media  with in ternal  degrees  of f reedom [1], such that the in-  
fluence of the average  movement  of the medium m i c r o s t r u c t u r e s  on i ts  macroscop ic  behavior  is taken 
into account.  By providing supp lementa ry  degrees  of f r eedom in such models ,  a va r ie ty  of new interact ion 
e f fec t s  between mechanica l ,  t he rma l ,  and e l ec t romagne t i c  phenomena may be explained.  

A model of a f e r romagne t i c  liquid was offered in [3], under  a number  of s implifying assumpt ions :  
notably,  that the pa r t i c l e s  or ient  ins tantaneously  along the field, and that movement  of the medium does not 
influence the applied field. A noniso thermal  model is desc r ibed  below for an i so t ropic ,conduct ing,  and 
d ie lec t r i ca l ly  and pa ramagne t i ea l l y  po la r izab le  liquid in which the pa r t i c l e s  p e r f o r m  in terva l  ro ta t ions  [2]. 

When magnetic  media  have been desc r ibed  in p h e n o m e n o l o g i c a l t e r m s  in the l i t e ra tu re ,  it has often 
been a s sumed  (on the bas i s  of the gyroscopic  p r o p e r t y  of the magnetic  moment)  that the intensi ty of mag-  
net izat ion vec tor  is propor t iona l  to the in ternal  macroscop ic  moment  of momentum densi ty vec to r  [4]. An 
initial  hypothesis  of this type is just i f ied when descr ib ing  media in which the magnetic  moment  is d e t e r -  
mined,  e.go, by the molecu la r  in te rna l - ro ta t ion  vec tor ,  the e lec t ron  spins ,  or orbi ta l  e lec t ron  movement ,  
e tc .  When suspensions  containing magnetic  pa r t i c l e s  a re  cons ide red  [3], the in te rna l - ro ta t ion  vector  des -  
c r i be s  the ro ta t ion  of tlae pa r t i c l e s  as they or ient  the i r  moments  along the field.  In view of this ,  i t  cannot 
be a s s u m e d  for  a suspension that the intensi ty  of magnet izat ion vector  is p ropor t iona l  to the par t i c le  i n t e r -  
nal ro ta t ion  vec tor .  When developing the p r e s e n t  model ,  the methods of t he rmodynamics  of i r r e v e r s i b l e  
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proces se s  are used; with these methods,  the e lectromagnet ic  field energy  dissipation on relaxation p ro -  
cesses  linked with polarization and magnetization phenomena in the medium can be taken into account under 
ex t remely  simple and general  assumptions [12]. The field energy dissipation is taken into account by con- 
sidering the invariant  time derivat ives of the polar izat ion and magnetization vectors  as the definitive p a r a -  
mete rs  [5]. 

The paper d iscusses  the form of the dependence of the free energy function on the independent defini- 
tive pa r ame te r s ,  the number and form of which are  determined by means of the axiom of equal r ep resen -  
tability, the axiom of objectivity [6], and the C laus iu s -Duhem local inequality. When obtaining the complete 
sys tem of definitive l inear equations in the thermodynamic forces ,  the possible dependence of the phenomeno- 
logical coefficients on the magnetic field is ignored.  If such a dependence is taken into account in the de- 
finitive e lec t romechaniea l  equations, hydrodynamic general izat ions of the B l o c h -  Blombergen [7] and Voigt 
[8] equations are obtained. 

Our model is cha rac te r i zed  by various kinds of c ro s s  effects between mechanical,  thermal  and e l ec t ro -  
magnetic phenomena. In one of the limiting cases ,  where there is no interaction between the continuous 
medium and the e lect romagnet ic  field, the model is the same as the nonisothermal  Grade mode[ [2]. In 
another limiting case ,  where dissipative phenomena, linked with intensity of magnetization and polarization 
of the medium and with internal rotation of the par t ic les ,  may be ignored, the model is the same as in [3]. 

1. The Fundamental Equations of Elec t rodynamics ,  Mechanics,  and Thermodynamics .  Chu's form 
[9] of the equations of e lec t rodynamics  of a moving medium (polarization model) in the international sys tem 
of units is 

V • h oe~e _ ap 
at at + V • (p • v) + i, V.~oh =- -- V.~om 

a~oh a~0m V x (~tom x v), V .e0e = -- V .p ~ • e-+ at - -  at 

0.1) 

where e and h are the e lec t r ic  and magnetic field s t rength vectors ,  p and m are the polarization and inten- 
si ty of magnetization vec tors ,  i is the e lec t r ic  cur ren t  density vector ,  ~0 and #0 are the dielectric constant 
and permeabi l i ty  in vacuo, V is the Hamilton opera tor  [10], and • denotes vector  multiplication~ It should 
be noted that these equations hold for media whose velocities are substantially less than the velocity of 

light in vacuo c = (~0~0) "1/2. 

The e lec t romagnet ic  field momentum and energy densities are 

g~_S}c 2, w=l/2(eoe.e+~oh.h) ,  S - ~ e •  (1.2) 

where S is the Poynting vector .  

Using (1.2) in conjunction with (1ol), the laws of conservat ion of the e lectromagnet ic  field momentum 
and energy  densities may be obtained in a form convenient for the thermodynamic description of polar ized 
and magnetized media: 

ag _ V . , ~ _ ~ ,  aw =V.(Tl.v--S)--II 
Yt--- 

T= :To+~I ,  ~o=eoee+lxohh--wI ,  xl=m~l-]-Pe 

q~ = i x. ~toh + p. Ve + Dora. Vh H~ P::" • ~oh -- #~to~" x eoe (1.3) 
-~-v• btoh--v• e, ~=PlP ,  t t = : m / p  

H = i.e + pn'.e + pl%~'-h + v-(p. Ve -- l%m. Vh) 

p~" = : d p / O t +  V.(v• ~ : e + v • kt0h, ~l : h - - v  • %e 

Here,  p is the mass  density, 7r and ~ are the e lec t r ic  and magnetic polarizat ions per unit mass ,  T is 
the e lect romagnet ic  tension tensor ,  which, to facilitate thermodynamic description of the polarization med- 
ium, is writ ten as the sum of the vacuum tension tensor  T 0 and the mater ia l  tension tensor  ~ ,  ~ is the 
ponderomotive force of interaction between the e lect romagnet ic  field and the mater ia l  medium, II is the 
density of e lect rodynamic power consumption,  linked with the conductivity and the electr ic  and magnetic 
polar izat ions of the medium, e and q are the e lec t r ic  and magnetic effective field strength vectors  [9], and 
I is the unit dyad. The dot operation (.) denotes the total time derivative.  
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Notice that  Eq.  (1.3) fo r  the ponde rmot ive  fo rce  is de r ived  in [11], where the e x p r e s s i o n  for  the 
fo rce  dens i ty  is obtained by s t a r t ing  f r o m  the g e n e r a l  p r inc ip le  of v i r tual  d i sp l acemen t s .  An i n t e r p r e t a -  
t ion of the va r ious  t e r m s  in Eq.  (1.3) may  be found in [11]. 

A s t r u c t u r e d  m a t e r i a l  con t inuum will be c o n s i d e r e d ,  at  each  point  of which we find the t r ans l a t ion  
ve loc i t y  v e c t o r  v and angular  ve loc i ty  v e c t o r  w of the p a r t i c l e s  f r o m  which the point is made  up. It is as s umed  that  
a m e c h a n i c a l  f o r ce  with v e c t o r f  and a r b i t r a r y  m a t e r i a l  vo lume V is applied to each point ,  while the s u r f a c e  S of V 
is ac ted  on by the fo rce  s t r e s s  v e c t o r  t n,  the m o m e n t u m  s t r e s s  v e c t o r  s n, and the e l e c t r o m a g n e t i c  t ens ion  
v e c t o r  ~'n. The equat ion of m a s s  c o n s e r v a t i o n ,  the equa t ions  for  the va r ia t ions  of m o m e n t u m  and m o m e n t  
of m o m e n t u m ,  the equat ion of e n e r g y  var ia t ion ,  and the C l a u s i u s - D u h e m  inequal i ty  f o r  the en t ropy  p r o -  
duction [6], a r e  wr i t ten  in the in t eg ra l  f o r m  

d I p d V = O  ' d S(Ov 
d--F~ -dY 

V V 

dV [(r x v + Y ~ ) p  + r x g]dV 
V 

' i[( d-[ 7 -  -+- ~ + J P +  
V 

--  I n . (q  + S~ :~ f ( p f . v + r ) d V  
s 

+ g)dv = l ( , .  + t. ds + fpt dv 
s V 

= I [ r •  n ~, t n -}- vng ) ~- sn] dS A: I r  xpfdV 
S v 

S 

l d f l r , S q prdV.-=~/ -  p q d V - -  p ~ - d V - v  -f . n d S > j O  
V V V V 

(1.4) 

Here ,  r is the pos i t ion  vec to r  of the point  in the m a t e r i a l  cont inuum,  q is the heat  flux vec to r ,  r the 
s c a l a r  dens i ty  of the heat  sou rce  p e r  unit  m a s s  and unit  t ime [6], u the in te rna l  e n e r g y  dens i ty  p e r  unit  
m a s s ,  S ~ = e • the e l e c t r o m a g n e t i c  e n e r g y  flux vec to r  through the moving su r face  S, J the mean  m o m e n t  
of ine r t i a  pe r  unit  m a s s ,  n the ou tward  n o r m a l  to the su r face  S, v n the ve loc i ty  p ro jec t ion  on the n o r m a l  
n,  V the en t ropy  dens i ty  pe r  unit  m a s s ,  7 the en t ropy  p roduc t ion  densi ty  pe r  unit  m a s s ,  and T the t e m -  
p e r a t u r e .  When wri t ing  the equat ion of e n e r g y  va r ia t ion  in (1.4), it is a s s u m e d  that the m o m e n t  s t r e s s e s  
only do work  on the in te rna l  ro ta t iona l  d i s p l a c e m e n t s  [2]. 

Use will be made of the fol lowing r e l a t i onsh ip s ,  connec t ing  the m o m e n t  s t r e s s  dyad s ,  the mechan i ca l  
s t r e s s  dyad t, and the e l e c t r o m a g n e t i c  tens ion dyad T, with the m o m e n t  s t r e s s  vec to r  sn,  the mechan i ca l  
s t r e s s  vec to r  tn,  and the e l e c t r o m a g n e t i c  tens ion vec to r  ~n [2, 13]: 

t n = n . t ,  s n = n . s ,  v n ~ n , v  (1.5) 

Reca l l ing  the e x p r e s s i o n s  of dyadic ca lcu lus  [10] and connec t ing  in tegra t ion  ove r  the s u r f a c e  S with 
in t eg ra t ion  over  the cont inuous  volume V, the following a re  obta ined f r o m  Eqs .  (1.4), (1.3), and (1o5): 

p ' + p V . v - - O ,  p v ' = V . t + p f + ~ ,  V . s + T • 1 6 2  
pu" --  (pr --  V .q) = t . . V v  + s..Vto --  t • .I.to -~- i .e  + p~t0~* "~l + p~:*. e (1.6) 

pTT=pT~l'--(pr --  V .q)--T-lq �9 VT > 0 ,  W:* = W:" --  ~x p, p~* = pg" --  toxm 

where  (• denotes  tha t  vec to r  mul t ip l ica t ion  is  p e r f o r m e d  on the left ,  and s c a l a r  mul t ip l ica t ion  on the 
r i gh t  f a c t o r s  of the dyads ,  and (. ") means  that  the left and r i g h t  f a c t o r s  of the dyads a re  both mul t ip l ied  
s c a l a r l y .  

In t roduc ing  the spec i f ic  f r e e - e n e r g y  function 

(P = u -  T~] (1.7) 

the loca l  C l a u s i u s - D u h e m  inequal i ty  and the equat ions  of e n e r g y  va r ia t ion  in (1.6) may  be wri t ten  as  

l pTT = t . .  Vv + s . .  Vo)-- t • I.to H- i .e + p~0/t*. ~i + W:*" s -- p ((~" --  ~l T) --  -~-q. V T ~ 0 (1o8) 

2. The L inea r  Definitive Equa t ions .  The definit ive equa t ions  will be c o n s i d e r e d  for  an i so t rop ic  
l iquid with in te rna l  pa r t i c l e  r o t a t i ons  when the phenomena  of heat  conduct iv i ty ,  e l e c t r i c a l  c o n d u c t i v i t y ,  
and d ie l ec t r i c  and p a r a m a g n e t i e  r e l axa t ion  a re  p r e s e n t .  It will be a s s u m e d  that the independent  definit ive 
p a r a m e t e r s  f o r  the liquid a re  

p-i, T, v, (% p, m, VT, Vv, Vo), pn*, p~* (2.1) 
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Here ,  the gradients  of the polar iza t ion  and intensi ty  of magnet izat ion vec to r s  a re  not r ega rded  as 
definitive arguments~ This means  that inhomogenei t ies  in the magnet izat ion and polar iza t ion  of the medium 
are  ignored in our model [5, 13]. It is poss ib le  to make this assumpt ion  in view of the uni form distr ibution 
[3, 13] of f e r romagne t i c  " s ing le -domain"  homogeneously magnet ized pa r t i c l e s  in a liquid c a r r i e r .  By 
taking the t ime der iva t ives  of the polar iza t ion  and magnet izat ion vec to rs  as independent definitive p a r a m -  
e t e r s ,  the phenomena of e lec t r i c  and magnet ic  re laxat ion  in the medium may be descr ibed  [5]. It can be 
seen immed ia t e ly  f r o m  the f o r m  of the t ime der iva t ives  in (1.6) that var ia t ion of the polar iza t ion and 
intensi ty  of magnet izat ion vec to rs  due to par t ic le  ro ta t ions  is  here taken into account.  

On reca l l ing  the r e q u i r e m e n t s  of the axiom of object ivi ty  [6], i t  can be shown that the a rguments  
(2.15 have the object ive f o r m s  

p-l, T, p, m, V • v - -  2~), VT, (Vv) ~, V(~, p~*, p~* (2.2) 

where the s u p e r s c r i p t  s denotes the s y m m e t r i c  pa r t  of the dyad. When obtaining these f o r m s ,  the ant i -  
s y m m e t r i c  dyad (Vv) a was r ep l aced  by  i ts  equivalent  vec tor  c.  The connect ions between these la t ter  a re  

(Vv) ~ = - I •  c ~ = ~ / ~ ( V v ) • 2 1 5  (2.3) 

The dependent t he rmomechan i ca l  and e l ec t romagne t i c  definitive va r iab les  for  our model of the liquid 
a re  

t ,  s ,  q,  ~i, % e,  ~ ,  i ( 2 . 4 )  

According to the axiom of equal r ep re sen tab i l i t y  [6], all the dependent definitive va r i ab les  (2.4) must  
be functions of the same set  of independent definitive a rguments  (2.2), while the converse  is not proved.  
Consequently,  the f ree  ene rgy  function is  

q) -- (p (p-~, T, p. m, pp.*, p:~*, V • v --  2r VT, (Vv) ~, V~) (2.5 5 

The C l a u s i u s - D u h e m  local inequali ty (1.8) imposes  cer ta in  r e s t r i c t i ons  on the f o r m  of the f ree  
ene rgy  function (2.5). Once these have been found~ the dependent definitive va r iab les  t, s ,  e,~?, q, and i 
can be obtained in the l inear  approximat ion  5y the methods of the rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s  
[12]. In fact ,  f r om Eqs.  (1.8) and (2.55, regard ing  the f ree  ene rgy  (p as a differentiable function of i ts  a rgu -  
men t s ,  and reca l l ing  the equation of continuity (1.65~ we have 

dT  8(p Otp 1 

+ s ' . V c o - - t x I ' ( ~ + i ' s + p p 0 ~ * ' ~ l + P ~ : * ' e ' - - ~ -  @ " ~ ' - - v  ~ m ' ~ "  

0(p .. d (VVF 0cp d (V • v--  2o) 0, .. d (VO) (2.6) 
- -  P 0 (Vv) s dt P 8 (V • v - -  2~-)- " dt p r) (Vo)) dt 

dpp~* - 0~ d(vT) o 0T. . _  p . 
- -P  0(vT ) dt ' opt* " dt 0p~*. 

Since, t ,  s ,  q, N,r and i a re  independent of the ma t e r i a l  t ime der iva t ives  of the quantit ies T , A T ,  
V •  pTr*, pt~*,  (~v) s , and Vw, and noting that (2.65 is l inear  in these der iva t ives ,  the n e c e s s a r y  and 
sufficient  conditions for  Eqo (2.6) to hold for any independent var ia t ions  of these der iva t ives  a re  

pTT = it + (pa(p a(p ^~0~ _ ,2 0~ b - ~ p . p + p ~ - ~ . m - - ~ ) I ] . . V v - - e  ~p .~" ,- 0 m ' "  

1 
+ s .  �9 V(o - -  t x I ,  (o -~- i .  ~ + p ~ # * .  ~i + P~*" e - -  -7=  q" V T  > 0 ( 2 . 7 )  

0~ 0~ ~(p 0q) . 0q~ 0,~ 0cp 
0(Vv) s -- 0(V• 0(Vm) ---~ 0(VT) --Opt* --OpVt' v 1 - ~ u  

All in all ,  the f ree  ene rgy  function can be wri t ten as 

cp = (p(p -1 , T , p , m ) ,  ~ = 0 T / 0 T  (2.8) 

At the same t ime,  according to the axiom of object ivi ty  [6], the f ree  ene rgy  function (p must  be f o r m - i n v a r -  
iant under movement  of the spat ia l  r e f e r e n c e  s y s t e m  as a r ig id  whole. Recal l ing Cauchy 's  t heo rem (see 
[14], p. 144) and C u r i e ' s  t heo rem  [12], i t  can be shown that cp mus t  in this case  be a function of the indep- 
endent  s ca l a r  invar ian ts  
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p-l ,  T, J1 = P'P,  J ~ . ~  m . m  (2 .9 )  

In v iew of Eq.  (2~ and the i d e n t i t y  a.(a • b) = 0, the C l a u s i u s - D u h e m  l o c a l  i n e q u a l i t y  (2.7) can  be 

w r i t t e n  as  
i 

pTT = (t + p I ) . .  Vv + s . .  V to - -  t • I .  ~ + i .  ~ -}- P~0~*. (~l - -  E~I) + P~*" (~ - -  E ~) - -  -F q" VT > 0 (2.105 

w h e r e  the fo l lowing no ta t ion  i s  u s e d :  

a~ ~ , a~ 0~ 2p a~ (2.115 P . . . . .  ~ , ~ +  29 ~ J 1  ' + 2 P ~  J2, E e 2PKj~P' E~l-- ~0 57_. m 

and  p i s  the h y d r o s t a t i c  p r e s s u r e  in the p o l a r i z e d  and m a g n e t i z e d  l iqu id  , E e and E ~? a r e  the l o c a l  e l e c t r i c  
and  l o c a l  m a g n e t i c  f i e l d  s t r e n g t h  v e c t o r s  [8], and  s  s and ~l - E~I a r e  the d i s s i p a t i v e  p a r t s  of the e l e c t r i c  
and  m a g n e t i c  f i e ld  s t r e n g t h  v e c t o r s ,  c h a r a c t e r i z i n g  the r e l a x a t i o n  p r o c e s s e s  in m a g n e t i z a t i o n  and p o l a r i -  

z a t i o n .  

To f a c i l i t a t e  i s o l a t i o n  of the i ndependen t  f o r c e s  and t h e r m o d y n a m i c  f luxes ,  the dyads  t ,  s ,  Vv, and  

Vw wi l l  be w r i t t e n  a s  

t : - -  pI + f l : ( ~ ~  l +fid-r[t ~, S:SOI-~-Sa +S d, ~~ : I / 3~ . . 1  

VV : 1/3 V "V[ ~- (VV) a ~-~ (Vv) d, Vo : 1/3 V .(t}I -~- (Vo)) a -~ (Vo) d, (2.125 
s ~ : ~/~ s, .1" 

w h e r e  the s u p e r s c r i p t  a r e f e r s  to a n t i s y m m e t r i c  dyads  and d to the d e v i a t o r  p a r t s  of the s y m m e t r i c  d y a d s .  

Using  (2.12), the i nequa l i t y  (2.10 5 for  the p roduc t i on  of e n t r o p y  can  be w r i t t e n  a s  

1 q , V T + t ~ % 7 . v + s O V . c o + p ~ . ( V • 1 6 2  ~ s  ~ . - (vr  ~ 
F 

+ ~d.. (FV)~ + i.  e + p~0~t*" (q - -  E~I) + p~*(~ - -  E~)/> 0 (2.13) 

When ob ta in ing  (2.135, the dyads  fla and  ~ v )  a and  p s e u d o d y a d s  (Vow) a and s a w e r e  r e p l a c e d  (see  [2]) by  
t h e i r  e q u i v a l e n t  p s e u d o v e e t o r s  p a ,  1 / 2 V  • v and p o l a r  v e c t o r s  b and d. The c o n n e c t i o n s  be tween  these  
q u a n t i t i e s  a r e  s i m i l a r  to (2~176 

Not ice  tha t ,  in (2o135, V �9 v i s  a s c a l a r ,  67v5 d i s  a dyad,  V" w is  a p s e u d o s c a l a r ,  and  (VoJ) d a p s e u d o -  
dyad .  The quan t i t i e s  V T , e , p ~ ' *  a r e  p o l a r  v e c t o r s ,  a n d V  • v -  2a, pit0#* a r e  p s e u d o v e c t o r s  [13, 15]o The 
t h e r m o d y n a m i c  f o r c e s  V T / T ,  ~, P#0#* in (2.13) a r e  even  func t ions  of t ime  t,  wh i l e  2b, p~r*, V • v -  2w a r e  
odd func t ions  [12, 13]. 

iRecal l ing  C u r i e ' s  t h e o r e m  and  O n s a g e r ' s  i n t e r a c t i o n  r e l a t i o n s h i p  [12], the c o m p l e t e  s y s t e m  of 
p h e n o m e n o l o g i c a [  e q u a t i o n s  fo r  s c a l a r  and  p s e u d o s c a l a r  p h e n o m e n a , l i n e a r  in the t h e r m o d y n a m i c  f o r c e s ,  
may be obtained: 

~~ = ~ V -  v, 

fo r  dyad ic  and p s e u d o d y a d i c  p h e n o m e n a  

Ca = 2 ~  (Vv) d, 

and  fo r  p s e u d o v e c t o r  and v e c t o r  p h e n o m e n a  

s ~ : :  T~V" o (2.14) 

s d = 2~'~ (Vo) d (2.15) 

'1 - -  E~I = hlp~oW* - -  a~(V. • v - -  2o) 

Pa = a3 (V • v - -  2o )  + a~P~0~* 
d = 2%b + x~VT + T4P~* + Tse 

q - -  xxVT + 2x2Tb .~ z3Tp~* - -  • 

e --  ze - lap::* + z3VT + 2"(4b + l~e 

(2.16) 

In Eqs .  (2 .14)-(2 .16) ,  the p h e n o m e n o l o g i c a l  c o e f f i c i e n t s  a r e  s c a l a r s ,  c h a r a c t e r i z i n g  the i s o t r o p i c  
p r o p e r t i e s  of the m e d i u m .  It may  be noted  tha t  they  a re ,  i n g e n e r a l , f u n c t i o n s  of the d e n s i t y  and t e m p e r a -  
t u r e .  

It is  i m m e d i a t e l y  ev iden t  f r o m  (2o16) tha t  ou r  m o d e l  is  c h a r a c t e r i z e d  by  t h e r m o m e c h a n i c a l ,  t h e r m o -  
e l e c t r i c ,  t h e r m o p o l a r i z a t i o n ,  e l e c t r i c - p o l a r i z a t i o n ,  e l e c t r o m e c h a n i e a l ,  p o l a r i z a t i o n - m e c h a n i c a l ,  and  
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magnetomechanical  c ross  effects .  The sizes of the contributions of these c ross  effects to the thermo-  
dynamic fluxes are  determined respect ively  by the phenomenological coefficients 2n2, za,  n3, 12, ]/5, oQ. 
Notice, for  example, that in the context of this model a displacement of the liquid will be accompanied 
by the appearance of magnetization and polarization of the liquid, heat flux, and a mechanico-e lec t r ica l  
cur ren t .  

The definitive equations (2.16) for the dissipative par ts  of the e lectr ic  and magnetic field strength 
vectors  are equations of molecular  equil ibrium [8], in which allowance is made for dissapative forces  of 
res is tance  to polarization and magnetization effects and for  intersect ion of thermodynamic fluxes. These 
equations can also be regarded  as describing the time variat ions of the polarization and magnetization 
vectors ,  due to convective moment of the medium, internal rotat ions,  the p rocess  of e lect r ic  and magnetic 
relaxation, and c r o s s  effects .  

When obtaining Eqs.  (2.14)-(2o16), no account was taken of possible dependence of the phenomenologi- 
cal coefficients on the magnetic field [7, 12]. If such a dependence is brought in, nonlinear te rms  in the 
field strengths and thermodynamic forces  appear in (2.14)-(2.16). Such a dependence wilt only be consid-  
e red  here for the coeffients of the e lec t romechanica[  definitive equations (2.16). F rom purely pract ica l  
considerat ions ,  the quantity ~ - E # will be regarded  as an independent thermodynamic force.  Disregarding 
the intersect ions  of the thermodynamic fluxes e - E  e and p# 0~* with the other fluxes, the following linear 
definitive equations are obtained for them from (2.13): 

e - -  ~ e  ~ L.  p~* ,  p,u0~* = R .  (~l - -  ~ l )  ( 2 . 1 7 )  

Here, the symmet r i c  parts  L s and R s, and ant isymmetr ie  par ts  L a and R a , of the dyads of pheno- 
menologica[ coefficients L and R satisfy the Onsager interaction relat ionships [7, 13] 

L~ QI) = L~ ( - -  ~1), R~ 01) = R~ ( - -  ~l) 
l ~ (~) = _ to ( _  % ~ (~) = _ r :  ( _  ~) ( 2 . i s )  

When obtaining these express ions ,  the an t i symmetr ic  dyads L a and Ha were replaced by their equivalent 
pseudovectors  1 a and r a . It is c tear  f rom (2.18) that the symmet r i c  par ts  of the dyads of phenomenological 
coefficeints are  even functions of the magnetic field, while the pseudovectors  are odd functions. 

For  an isotropic liquid, Eq. (2.18) will be sat isf ied i~ the linear approximation in~ by putting 

L = 10I -- I • )~i~l, R = riI -- I • r~l (2.19) 

Using (2.19) and (2.17), 

e - -  Ee = lips* ~ ~.ipn* x 11, P~0~* = rl(~l --~1) -- r ~ x  ~1 (2.20) 

This last  shows that, when the coefficients are  regarded  as dependent on the magnetic field, the 
definitive equations acquire ext ra  t e rms  which take account of the change in the polarizat ion and mag- 
netization vec tors ,  due to the gyrot ropic  proper t ies  of the medium [13] with sca lar  coefficient of gyrot ropy 
7~1 and to the gyroscopic  p roper ty  of the magnetic moment [13], with magnetomechanical  rat io r 2. 

Using Eqs.  (2.3), (2.12), and (2.14)-(2.16), the equation of continuity, the equation of motion (1.6), and 
the inequality (2.10) for the entropy production can be written as 

pv" = - -  Vp + V (~lV .v)  + 2V. [as (Vv) ~] + V • [aa(2~) - -  V • v)] 

- -  V x (%plao~*) %- Of -]- (P, p' + p V .  v =: 0 

pJ(o" k= V (7~V. 0)) -/- 2V. [7~ (Vo) a] + 2V. its (V0)) ~] -- V. (n~I x VT) 
-- V. (~'4pI x ~*) -- V. (%I x e)i-[- 2a~ (V x v--  20)) + 2zc~plt0~* -~ p x 8 + ~t0m x ~1 

PY ~ Tt ~i (VT)2 :t-ai(V'v)e +Yl(V'0)) 2-~-4Yab~-~- hi (P~09")2 +/l(Pn*):  

-[- ~le 2 -~ as (V "x v -- 20)) 2 + 2nae- VT -~- 4~'4M:* .h + 2~2 (Vv) a- "(Vv) a + 272 (V0)) a, �9 (V(~) ~ 

(2.21) 

Since Eqs.  (2.21) for  the entropy production, which is quadratic in the thermodynamic forces ,  must 
be positive~ the following res t r ic t ions  are obtained on the phenomenological Coefficients: 
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%, 71, az, Yz,..hl, aa, Y8, • ~1, ll ~ O, • ~ ~• 2y~ ~ ~ 117a (2~ 

The terms with coefficients a~, ~42, Ts, ~43, 12, characterizing cross effects between thermodynamic 
forces of different time parities, make no contribution to the production entropy, so that the signs of these 
coefficients remain indeterminate~ 

The system of equations (1.1), (1.6), (2.16), and (2.21) describes the motion of a nonisothermal,elee- 
trically conducting, polarized, and magnetized liquid with particles subject to internal rotation, in the con- 
text of electric andmagnetierelaxation effects. This is not a closed system in the unknowns p, ~,p, v, to, 
p, m, e, h, and T. To obtain a closed system, use must be made of the equations of state (2.18) and (2.11), 
which connect the variables p, ~, p, e, h, m, p, and T. For example, if the free energy is assumed to be a 
linear function [13] of the variables Jl and J2, with coefficients 1/2 (pa0x) -~ and #0(2pK)-irespectively, the 
express ions  E r = (~0 X)- lp  and E~} = K-ira are obtained f rom (2.11) for the local e lec t r ic  and local mag-  
netic field s trength vectors ,  and these close the sys tem with respec t  to the variables e, h, p, and m. In 
this case ,  the definitive equation (2.20), describing the time variation in the magnetization vector ,  can be 
regarded  as a hydrodynamic general izat ion of the modified Bloch's  equation [7] (with one relaxation time, 
equal to K/rl)o The definitive equation (2.20) for the polarization vector  descr ibes  a medium of the same 
type as Voigt 's dielectric medium [8]. If the inert ia  contribution to the change of polarizat ion is neglected 
in Voigt 's  definitive equation [8], Eq. (2.20) can be regarded  as the hydrodynamic general izat ion of Voigt's 
equation. 

Notice that, if the quantities m, p, ~e/St, v • ~0e, are neglected in Eqs.  (1.1), (1o6), (2.16), and (2o21), 
the resul t  is a sys tem of equations describing the conductive liquid of Grade ' s  model in the approximation 
of magnetohydrodynamics [16]. The liquid model in question is charac te r i zed  by mechanica l -e lec t r ic ,  
thermomechanical ,  and thermoelec t r ic  c ro s s  effects~ 

In the absence of interaction between the e lect romagnet ic  field and the mater ia l  medium, our present  
model is the same as Grade ' s  nonisothermal  model [2]. In the case when the quantities p • v, m • v, w, 
V, v, s, i, ~#0h/3t, ~e/8t, v x a0e , v • p0h can be neglected and the phenomena of dielectr ic and p a r a -  
magnetic relaxation are absent, our model is the same as that of [3]~ 
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